Abstract: We consider the semiclassical limit of the vacuum Virasoro block describing the diagonal 4-point correlation functions on the sphere. At large central charge c, after exponentiation, it depends on two fixed ratios h H /c and h L /c, where h H,L are the conformal dimensions of the 4-point function operators. The semiclassical block may be expanded in powers of the light ratio h L /c and the leading non-trivial (linear) order is known in closed form as a function of h H /c. Recently, this contribution has been matched against AdS 3 gravity calculations where heavy operators build up a classical geometry corresponding to a BTZ black hole, while the light operators are described by a geodesic in this background. Here, we compute for the first time the next-to-leading quadratic correction O((h L /c) 2 ), again in closed form for generic heavy operator ratio h H /c. The result is a highly non-trivial extension of the leading order and may be relevant for further refined AdS 3 /CFT 2 tests. Applications to the two-interval Rényi entropy are also presented.
Introduction
Conformal field theories are characterised by their operator spectrum and fusion rules. From this basic data, correlation functions may be computed by repeatedly applying the operator product expansion (OPE). This procedure is conveniently organised with respect to the representation content of the conformal algebra. Its main ingredients are the global conformal blocks that are fully determined by conformal symmetry [1] [2] [3] [4] [5] [6] [7] . In two dimensions, the global conformal algebra is enhanced to the Virasoro algebra Vir ⊕ Vir and the associated decomposition of correlation functions in terms of Virasoro conformal blocks is a central problem in the study of dynamical properties. In particular, knowledge of Virasoro conformal blocks is important for the bootstrap program [8] , in Liouville theory [9] , AGT correspondence [10, 11] , and, of course, in the context of AdS 3 /CFT 2 duality as we shall discuss later.
In this paper, we focus on the determination of the vacuum Virasoro conformal blocks for the 4-point correlation functions on the sphere. Virasoro blocks encode the contributions from the virtual exchange of the states associated with a given (internal) conformal family.
They are functions F(c, h, h p , z) that depend on the central charge c, the external and internal operators conformal weights h = {h i } i=1,..., 4 and h p , and the conformally invariant cross-ratio z of the four points.
Virasoro blocks are known in closed form only in a few special cases, typically involving degenerate fields [12] . Series expansions in various scattering channels may be derived by brute force computation exploiting the Virasoro algebra or by the recursion relations derived by Zamolodchikov [13, 14] . Recently, a remarkable progress in this direction has been achieved in [15] where three different closed-form perturbative expansions have been obtained for the 4-point Virasoro blocks on the sphere. These representations are an important computational tool to examine the semiclassical regime, i.e. a large central charge limit where c → ∞ with some of the ratios h i /c being fixed [16] . Of course, one of the main motivations for considering this limit is that it is suitable for a holographic study by means of the AdS/CFT duality. Following standard usage, the operators with growing conformal dimension h ∼ c are called heavy, while operators with fixed h are called light. An important and well studied tractable case is the heavy-light limit [17] associated with the following 4-point function Heavy-Light:
In this case, the relevant Virasoro block is the one associated with the conformal family of the identity operator, i.e. the so-called vacuum block. The AdS 3 bulk interpretation is that the heavy operators build up a classical asymptotically AdS 3 geometry corresponding to a BTZ black hole [18] , while the light operators are described by a geodesic probing this background solution. The heavy-light case (1.1) may be generalised in various ways [17, [19] [20] [21] [22] . In particular, it is interesting to regard it as a special case of the general fully-heavy situation where all ratios h i /c are fixed as c → ∞, but two of them are taken to be small in the end. This is legitimate because it has been proved that there is no problem with the order of limits [20] . The perturbative expansion with respect to the small (fixed) ratios h L /c is potentially quite interesting. In the bulk AdS 3 gravity theory, it accounts for the back-reaction of the particles on the geometry and describes the corrections to the emergent thermality of heavy microstates at large c [20] . Recently, this holographic computation of the semiclassical 4-point function at first order in h L /c has been fully clarified in [23] . To this aim, a bulk construction has been presented based on the geodesic Witten diagrams recently introduced in [24] , evaluated in locally AdS 3 geometries generated by the backreaction of the heavy operators. From the point of view of the 2d boundary CFT, the semiclassical limit is well defined due to the exponentiation property of the Virasoro blocks [5, 13, 25, 9] . Indeed, at large central charge we have
where λ i are the fixed ratios h i /c. We now specialise to the subject of this paper, i.e. the vacuum Virasoro conformal block that contains the contributions from the identity conformal family with h p = 0. In this case, fusion onto the identity requires to consider a pairwise correlator with h 1 = h 2 and h 3 = h 4 . The function in the r.h.s. of (1.2) is then f (λ 1 , λ 3 , z), symmetric under the exchange λ 1 ↔ λ 3 . According to the above discussion, the interest in AdS/CFT tests suggests to consider the following expansion around λ 1 = 0,
The first correction f (1) (λ 3 , z) has been computed in [17] in closed form. The calculation is based on the perturbative solution of a monodromy problem [26, 9] (see also the more recent works [27] [28] [29] ). 1 The holographic setup in [23] is indeed able to reproduce f (1) (λ 3 , z) by means of a bulk gravity calculation. In order to sharpen both this picture and the associated tools, we believe that it is important to extend the expansion (1.3) including the much more difficult next order contribution f (2) (λ 3 , z). In principle, this task can be accomplished by solving the monodromy problem at higher order, but technical difficulties must be overcome. The aim of this paper is precisely that of providing the exact expression for f (2) (λ 3 , z).
Although our derivation will be somewhat heuristic, the final result -presented in (4.1) -passes several non-trivial tests. In particular, it agrees with the explicit calculation of the perturbative Virasoro vacuum block at large orders in the s-channel, that we have computed exploiting the powerful recent results of [15] . The plan of the paper is the following. In Sec. 2 we set up the notation. In Sec. 3 we discuss the semiclassical limit of the vacuum block in some details. We include explicit results from the high order solution of the recursion relations obeyed by the block. This allows to derive a series expansion of the (perturbative) exponentiated block. In Sec. 4 we present our main results. Finally, in Sec. 5 we give a simple application to the study of two-interval mutual Rényi information. The details of our derivation and some additional exact results are collected in App. B. Other appendices collect long expressions that may be useful for the reader.
Notation and preliminary considerations
The general form of the OPE between two Virasoro primary fields Φ 1 , Φ 2 with conformal dimensions h 1 , h 2 is
where we sum over all primaries Φ p (z, z) and where Ψ p (z, z | 0, 0) takes into account the contributions from the conformal family of Φ p (z, z), i.e. the primary and its descendants. The explicit expression of Ψ p (z, z | 0, 0) involves a sum over descendants and may be completely fixed by using the Virasoro algebra (see [31] for efficient algorithms). The 3-point couplings C p 12 are among the basic CFT data. A 4-point correlation function of primaries has indeed the form 
This expression may be further refined by separating the contributions of the leveluasiprimaries with respect to the global conformal algebra sl(2, R) ⊕ sl(2, R), see [15] for a clean presentation. The result is (
Here, χ q (c, h, h p ) is a well-definite sum over the leveluasi-primaries and it involves the 1 × 2 → q, 3 × 4 → q fusion coefficients. It is completely fixed by Virasoro symmetry. In all cases χ 0 = 1 and χ 1 = 0. For the vacuum block, obtained with h p → 0, we need h 12 = h 34 = 0. Setting now h = {h 1 , h 3 }, (2.4) specialises to
The first terms are rather simple 6) and, for larger q, they are always rational functions of c, h 1 , h 3 with rational numerical coefficients. Using the method of [15] to solve the h p → 0 limit of the recursion relation
we obtained the explicit rational functions χ vac,q (c, h) up to q = 16. 2 Notice that from the elementary relation
we check invariance of (2.5) under the tranformation z → z z−1 ,
that is nothing but the (bootstrap) symmetry between the s and t scattering channels.
2 The expressions are available on request. Notice that they require some tricky implementation because a naive coding of the relations in [15] has a complexity that grows prohibitively on symbolic manipulation softwares. We warn the reader that the internal sum and product in (2.28) of [15] must be swapped.
As discussed in the introduction, the semiclassical limit of the vacuum block is defined as
In this limit, there are arguments [5, 13, 25, 9] to expect that the block exponentiates according to the relation (λ = {λ 1 , λ 3 })
The function f (λ, z) is not known in closed form, but it may be considered order by order at small values of one of the ratios λ. We define the coefficient functions f ( ) (λ, z) by expanding in powers of λ 1
The exact expression of the first function f (1) (λ, z) appearing in (3.3) is known from the calculation in [17] and reads
In the following, it will be important to further refine the expansion (3.3) by separating out different powers of the ratio λ 3 , as follows
where we have the obvious symmetry f ( , ) (z) = f ( , ) (z). In particular, from the result (3.4), we may obtain all the functions f (1, ) (z). The first cases are
is not known and is the next-to-leading correction when one of the ratios λ is small. The main result of this paper is a closed form for this contribution, analogous to (3.4).
Exact expansions from the recursion relations
Using our explicit data for χ vac,q (c, h), we checked that the exponentiation property written in (3.2) holds perturbatively in small z at least up to the order O(z 17 ). To clarify what one gets, we write here the first terms of the function f (λ, z) 3 
We can collect the various powers of λ and extract series expansions for the functions f ( , ) (z) defined in (3.5). The first instances of the first order contributions f (1, ) (z) are We have written many terms in (3.9) and (3.10) to emphasise that it is non trivial to identify their resummation in terms of a closed function of z as it was possible in (3.6). The solution will be presented in the next section and indeed will be much more involved than the leading order (3.6). Here, we just notice that the relevant terms from (3.7) are These may be used as a check, although we shall also provide much longer expansions at specialised values of λ to further check. Of course, the terms linear in λ in (3.11) define the function f (2,1) (z). This is equal to f (1,2) (z) and indeed the expansion is the same as that in the second line of (3.8). In the following, it will be convenient to trade λ for the same α parameters as in (3.4), i.e. α = √ 1 − 24 λ. With a little abuse of notation, we shall denote f (2) (λ(α), z) → f (2) (α, z) since no confusion should arise. The first terms of (3.11) after this redefinition are then 4 The exact expression for the NLO contribution f (2) (λ, z)
Our main result is the following closed expression for the derivative ∂ z f (2) (λ, z). This is what is obtained from the solution of the second order monodromy problem according to the procedure discussed in App. B.
with
If we expand this expression in powers of z and integrate term by term -with no additional integration constant -we recover indeed (3.12), including many additional non-trivial terms that may be found in App. A.
4.1 Exact expression for f (2,2) (z) and f (2,3) (z)
In order to obtain all the functions f (2, ) (z) from (4.1), we simply have to replace α = √ 1 − 24 λ and expand around λ = 0. The only non-trivial piece is (III) in (4.4). This may be treated by using the algorithms described in [32, 33] . We need the expansion of the hypergeometric functions in (4.4) around α = 1. Setting α = 1 + ε, these read
Using these results, we obtain
Expansion in powers of z reproduces the result in (3.9). Besides, the expression in (4.6) is crossing invariant, see (2.9). With more work, one can also derive the expression of f (2,3) (z), the main difficulty being the final integration of the expansion of (4.1). The result is
Again, expansion in powers of z reproduces the result in (3.10) and one checks that (4.7) is crossing invariant, see (2.9).
A simple application: two interval Rényi entropy
As a simple application, we follow the discussion in [15] and connect our results for the vacuum block with the two-interval Rényi entropy. This is the quantity S n obtained as the 4-point correlation functions of twist fields Φ ±
where C n /Z n is a cyclic orbifold with central charge n c. At large c the twist fields behave as heavy operators. Using the exponentiation (3.2) -taking into account the antiholomorphic part -the vacuum contribution to S n may be shown to be simply [26] S n,vac (z) = − n c According to the analysis of [15] , it is convenient to organise S n at fixed z in an expansion around δn = 0, where n = 1 + δn. Then, the expansions (3.3) and (3.5) resum an infinite number of terms. To this aim, we define the functions S (k) (z) by writing
The small z expansion of the first five functions reads The first four cases may be given in closed form using using our new results because 5) and all relevant f ( , ) (z) have been computed. In particular, the terms S (3) and S (4) are an extension of the previous results since they involve f (2, 2) and f (2, 3) . For completeness, we give the explicit expressions of the combinations in (5.5)
Of course, their expansions at small z agree with the first four lines in (5.4). We conclude this section with a curious remark. The definition (5.1) of the Rényi entropy requires n to be integer. Analytic continuation is possible at least at the level of the perturbative expansion in z, since all coefficients are rational functions of n, see App. D. At the special value n = 1/2, we found that it is possible to resum our long expansion giving the closed form
(5.7)
Conclusions
In this paper we have improved our knowledge of the semiclassical heavy-light limit by computing the next-to-leading order corrections to the vacuum Virasoro block. Generally speaking, these corrections have an interesting dual interpretation at the level of the background geometry. Our explicit results may be discouraging due to their complexity, but could be tested in some special limit. A natural extension of this work is to CFTs with extended W-symmetry, see [35] . This is a non-trivial task because of the dependence on the additional W-charges besides Virasoro conformal weights. Another generalization is to consider blocks with a non-trivial intermediate field with h p = 0. This may be possible by exploiting the recent results in [36] about the evaluation of Wilson lines in 3D higher spin gravity. The idea is that if the chiral Wilson line carries a spin-s charge, we can extract its part linear in this charge. This term must be proportional to the Virasoro block for the spin-s current exchange. Finally, we believe that it could be of some interest to provide a cleaner derivation of the perturbative solution of the monodromy equations, possibly exploiting its relation with the gravity equations of motion in Chern-Simons form.
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A Long expansion for the function f (2) (α, z)
Let us write the expansion (3.12) in the form
Then, we have the following explicit polynomials p n (α) 
B Details of the derivation

B.1 The monodromy problem
The results of Section 4 are obtained by the monodromy method [13, 26, 17] . Let us briefly recall the main points. The function f (λ, z) is related to the monodromy properties of the following equation specialised to the vacuum block case
where
.
The accessory parameter c(λ, z) is fixed by imposing a trivial monodromy along a contour encircling the two points w = 0, z. Then, the semiclassical Virasoro block f (λ, z) is obtained by integrating the relation 5
with suitable boundary condition at z → 0. The determination of the accessory parameter is a difficult analytical problem. 6 In our case, there is no known solution for generic λ, but one can work out a perturbative expansion in powers of λ 1 at generic λ 3 . Plugging (3.3) into (B.3), and assuming that ψ(w) admits a regular expansion around λ 1 = 0, we set 
The solution at first order is well known and quite simple. One starts from the two independent solutions at leading order, i.e. (B.5a). They are
Two linearly independent solutions to (B.5b) are then
The integrands in (B.8) have only polar singularities around w = 0 and w = z. Thus, ψ
have trivial monodromy around these two points when the sum of residues in w = 0, z vanishes. This gives immediately (we identify again with little abuse of notation c n (λ 3 (α), z) → c n (α, z))
Integrating (B.9) with the condition f (1) (λ 3 , z) = O(z 2 ) for z → 0, one gets (3.4). In principle, one could solve (B.5c) in the very same way, but ψ ± 1 will be integrated and it is rather difficult to control the analytic structure of the result. Indeed, some of the integrals in (B.8) are definitely non trivial, like for example
(B.10)
In the next subsection, we discuss what can be obtained at specialised values of the parameter α, see (B.7), where the function c 2 (α, z) is first expanded in powers of z and then resummed, thus bypassing the above problems.
B.2 Special cases
If we fix α = √ 1 − 24 λ 3 and work out the solution of (B.5c) order by order around z = 0, we see that ψ ± 1 in (B.8) have only poles. The procedure leading to (B.9) can then be repeated and it is possible to derive very long series expansions of the form
We analysed these expansions for the special values 12) and found that in all cases, the function C(α, t) = c 2 (α, 1
is the generating function of a holonomic sequence, i.e. it obeys a differential equation of the form [41] and one may hope to guess a general formula. This works easily for the first lines of (B.15) and (B.16), i.e. for the non-transcendental part of the result. Instead, the logarithmic parts are not that simple, despite their compact form. For instance, for α = 1 5 one has c 2 ( 17) and the appearance of the inverse hyperbolic cotangent becomes a major problem in the identification of some regularity. The explicit results for α = Here, we do not care about the physical interpretation of these values and simply use them to explore the form of c 2 (α, z) at more specific points. In all cases in (B.18), c 2 (α, z) is simply a rational function. Explicit expressions are
and so on. Despite their relative simplicity, it is again non trivial to find a regularity in the sequence (B.19a-B.19d).
B.3 Back to the monodromy problem
We now come back to the second order monodromy problem in (B.5c) and try to exploit the many exact results of Section B.2 in order to set up a mixed heuristic strategy. Two independent solutions may be written as in (B.8) and read
Expanding around w = 0 or w = z, one finds
The monodromy cannot be read from these local expansions. Nevertheless, one observes that the integrand in the second term of (B.20) for ψ + 2 has a remarkable property. Its expansion around w = 0 has the form 22) with no log w in the residue of the simple pole. Also, the function f 2 (α, z, c 2 ) involves c 2 (α, z) that is absent from the double pole. A similar property holds for the expansion around w = z In other words, the term c 2 (α, z) captures all the transcendental contributions whose origin is from hypergeometric functions depending on α. The remainder is the very simple function in the second term of (B.25). Its origin is presumably from the contributions of the logarithms in the double pole of (B.22) and (B.23), although a global analysis of the exact ψ C Expressions of c 2 (α, z) at α = and so on.
